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Recently, it was shown that surface electromagnetic waves at interfaces between continuous ho-
mogeneous media (e.g., surface plasmon-polaritons at metal-dielectric interfaces) have a topological
origin [K. Y. Bliokh et al., Nat. Commun. 10, 580 (2019)]. This is explained by the nontrivial
topology of the non-Hermitian photon helicity operator in the Weyl-like representation of Maxwell
equations. Here we analyze another type of classical waves: longitudinal acoustic waves corre-
sponding to spinless phonons. We show that surface acoustic waves, which appear at interfaces
between media with opposite-sign densities, can be explained by similar topological features and
the bulk-boundary correspondence. However, in contrast to photons, the topological properties
of sound waves originate from the non-Hermitian four-momentum operator in the Klein-Gordon
representation of acoustic fields.
Introduction.— Maxwell electromagnetism, elasticity,
and acoustics describe various classical waves via differ-
ent types of wave equations [1–3]. Analogies between
these waves are very fruitful and repeatedly resulted in
the mutual export of ideas between optics and acous-
tics. To name a few, acoustic crystals/metamaterials [4–
7], vortex beams [8–10], and topological systems [11–15]
were developed in parallel with their optical counterparts
[16–28] and attracted great attention in the past decades.
Surface waves at interfaces between continuous media,
such as surface plasmon-polaritons, are highly impor-
tant for modern optics [17–19, 29–32]. However, there
are only few works analyzing acoustic analogues of such
waves [33–36]. The reason for this is that such waves (for
linear longitudinal sound fields) appear only at interfaces
with negative-density media, i.e., acoustic metamaterials
[6, 7]. Surface electromagnetic waves also require media
with negative parameters (permittivity or permeability),
but there are natural media with such parameters: e.g.,
metals. Nonetheless, here we explore the fundamental
origin of surface acoustic modes, and show that this re-
veals nontrivial intrinsic properties of the acoustic wave
equations.
Surface modes are particularly important in the con-
text of topological quantum or classical-wave systems,
which are currently attracting enormous attention [27,
28, 37–40]. Indeed, the topological approach provides
a direct link between the nontrivial intrinsic properties
of the bulk Hamiltonian and the appearance of surface
modes at interfaces between topologically-different me-
dia.
Recently we have shown [41] that electromagnetic sur-
face waves and their domains of existence can be ex-
plained by the fundamental topological origin and the
bulk-boundary correspondence. Namely, analyzing the
relativistic Weyl-like form of Maxwell equations, one
can see that the photon helicity operator: (i) is gen-
erally non-Hermitian, even in idealized lossless media,
and (ii) has a nontrivial topological structure involv-
ing two medium parameters: the permittivity ε and
permeability µ. According to this approach, the helic-
ity eigenvalues experience discrete rotations in the com-
plex plane, described by the topological bulk indices
w = 12 [1− sgn(ε), 1− sgn(µ)], and the difference of these
Z2 indices between the two media provide the number
of surface electromagnetic modes (one/two modes when
one/two indices change), Fig. 1(a).
Notably, the equations for sound waves in fluids or
gases also have a form similar to Maxwell equations and
also involve two medium parameters: the density ρ and
compressibility β. Many electromagnetic and acoustic
quantities (e.g., the energy density, energy flux density,
etc.) have similar forms described by the substitution
of the Maxwell (electric, magnetic) and acoustic (veloc-
ity, pressure) fields: (E,H) ↔ (v, P ), as well as the
medium parameters: (ε, µ) ↔ (ρ, β) [36, 42]. However,
surprisingly, surface acoustic waves exist only at inter-
faces where ρ changes its sign (but no additional mode
appears at interfaces where β changes its sign) [33–36],
Fig. 1(b). This breaks the symmetry between acoustic
and Maxwell equations.
In this paper, we explain this enigmatic property by
revealing the fundamental topological origin of surface
acoustic waves. Akin to the Maxwell case [41], this re-
quires representing the equations of acoustics in the fun-
damental field-theory form. However, since phonons are
spinless particles, this corresponds to the Klein-Gordon
(KG) rather than the Weyl equation. In contrast to
previous Klein-Gordon approaches to acoustics [43–46],
here we focus on the “relativistic” four-momentum oper-
ator in the problem rather than on the wave equation
itself. Remarkably, we find that this operator is gener-
ally non-Hermitian (even in idealized lossless media with
real-valued parameters) and it provides a single Z2 topo-
logical bulk index determined by sgn(ρ). According to
this, surface waves are also generally “non-Hermitian”,
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2FIG. 1. Phase diagrams showing the domains of existence
of the electromagnetic (a) and acoustic (b) surface modes at
interfaces between continuous media. The electromagnetic di-
agram is explained in [41] (εr and µr are the relative permit-
tivity and permeability of the two media), while the acoustic
one is described by the topological Z2 index (10) and bulk-
boundary correspondence (11) (ρr and βr are the relative den-
sity and compressibility of the two media).
i.e., can have either real or imaginary frequency and prop-
agation constant. A comparison between the electromag-
netic Weyl and acoustic KG formalisms is provided in
Supplemental Material [47].
Klein-Gordon form of acoustic wave equations.— We
start with the acoustic wave equations for the real-valued
pressure, P (r, t), and velocity, v(r, t), fields [3]:
β
∂P
∂t
= −∇ · v , ρ ∂v
∂t
= −∇P . (1)
These equations obey an acoustic analogue of the elec-
tromagnetic Poynting theorem: ∂tW +∇ ·Π = 0, where
W =
1
2
(
βP 2 + ρv2
)
and Π = P v (2)
are the acoustic energy density and energy flux density,
respectively.
On the one hand, Eqs. (1) describe vector waves, char-
acterized by one scalar (pressure) and one vector (ve-
locity) fields. These scalar and vector degrees of free-
dom are equally important, as can be seen from their
symmetric contributions to the conserved quantities (2).
In quantum-like terminology, one can say that acoustic
waves are described by the four-component “wavefunc-
tion” Ψµ = (P,v). On the other hand, the acoustic
waves are longitudinal waves, which correspond to spin-
less quantum particles: phonons. It is known from field
theory that spinless particles are described by a single
scalar field and the KG equation.
The vector acoustic theory can indeed be reduced to
the KG description using a single scalar field ψ(r, t).
We employ the standard KG field Lagrangian L =
1
2
[
c−2(∂tψ)
2 − (∇ψ)2
]
, where c2 = (ρβ)−1 is the
squared speed of sound. The equation of motion, en-
ergy density, and energy flux density for this Lagrangian
read [48]:
c−2∂2t ψ −∇2ψ = 0 , (3)
W =
1
2
[
c−2(∂tψ)
2
+ (∇ψ)2
]
, Π = −∂tψ∇ψ . (4)
Comparing the vector acoustic equations (1) and (2) with
the scalar KG equations (3) and (4), we find that these
are equivalent, when the vector and scalar representa-
tions are related by P = −√ρ ∂tψ and v =
(
1/
√
ρ
)∇ψ.
Thus, the KG wavefunction is similar to the scalar ve-
locity potential ϕ, v = ∇ϕ, widely used in acoustics [3],
but the pre-factors involving √ρ will play a crucial role
in our theory below.
To provide an elegant representation of the KG formal-
ism, we introduce “four-vectors” aµ =
(
a(P ), a(v)
)
, aµ =(
a(P ), −a(v)), where the time-like and space-like compo-
nents are related to the pressure and velocity degrees of
freedom, and the metric with signature (+,−,−,−) is
used. Of course, the acoustic equations (1) are not rela-
tivistic and Lorentz-covariant, but using the relativistic
formalism, natural for the KG equation, facilitates the
consideration. To describe scalar and three-vector prop-
erties, we introduce the following bilinear operations for
four-vectors:
aµ • bµ ≡ β a(P )b(P ) − ρa(v) · b(v),
aµ ⊗ bµ ≡ a(P )b(v) − a(v)b(P ) . (5)
The first operation (5) is a scalar product modified by
the scaling coefficients β and ρ, to provide the correct
dimensionality, while the second operation is a “cross-
product”, which produces a three-vector (note that aµ ⊗
aµ = 0).
Using these notations, the KG equation and the re-
lation between the KG wavefunction and physical fields
can be written as:
(pˆµ • pˆµ)ψ =
(−c−2∂2t +∇2)ψ = 0 , (6)
Ψµ= ipˆµψ, pˆµ =
(
i
√
ρ ∂t,
−i∇√
ρ
)
, Ψµ≡ (P, v) . (7)
Here, the operator pˆµ should be associated with the four-
momentum in the problem. Equations of motion (1) also
take a very laconic form:
pˆµ •Ψµ = 0 , pˆµ ⊗Ψµ = 0 . (8)
Here the first equation is obtained from Eqs. (6) and (7),
while the second equation is a consequence of Eq. (7) and
pˆµ ⊗ pˆµ = 0. Thus, the acoustic KG equation (6) uses
only the first equation of motion (1), while the second
equation of motion (yielding ∇×v = 0) follows from the
definitions (v ∝ ∇ψ). This is similar to the Weyl-like
form of Maxwell equations, where equations∇·E = 0 and
∇ ·H = 0 are not used [41] (see Supplemental Material
3[47]). Finally, the acoustic energy density and energy
flux, Eqs. (2) and (4), also take simple forms:
W =
1
2
Ψµ •Ψµ, Π = 1
2
Ψµ ⊗Ψµ. (9)
Equations (3)–(9) provide the KG representation of
acoustic equations (1) and (2), both in terms of the scalar
KG wavefunction ψ and vector wavefunction Ψmu in-
volving real physical fields (cf. the electromagnetic Weyl
representration in Supplemental Material [47]). Both
of these are important, because the real physical fields
(P,v) determine the boundary conditions (i.e., the cor-
responding components are continuous at interfaces),
while the KG wavefunction ψ provides the fundamen-
tal field-theory representation of the problem. One can
see that Eqs. (3)–(9) are not relativistic-invariant, be-
cause the only relativistic-invariant four-vector equations
in the Klein-Gordon problem are [48]: pˆµψ = mΨµ,
pˆµΨµ = mψ,
(
pˆµ pˆµ −m2
)
ψ = 0, where m is the mass,
which obviously differs from Eqs. (6)–(8).
Topological non-Hermitian origin of surface modes.—
The most remarkable feature of the above formalism is
contained in Eq. (7). Namely, while all other equations
are fairly symmetric with respect to the ρ and β parame-
ters, the four-momentum operator pˆµ involves only the
density ρ but not the compressibility β (cf. the elec-
tromagnetic four-momentum or helicity involving both
ε and µ in Supplemental Material [47]). This operator
is the key operator in the KG formalism, and it is this
operator (rather than the “Hamiltonian” pˆµ • pˆµ) which
should be considered for the topological classification of
acoustic media.
Remarkably, the four-momentum operator is generally
non-Hermitian with respect to the standard inner prod-
uct, because in negative density media, ρ < 0, it has
purely imaginary eigenvalues. In complete analogy with
the non-Hermitian helicity operator for photons [41, 49],
the pˆµ operator is singular at ρ = 0, which separates
topologically-different phases with real (ρ > 0) and imag-
inary (ρ < 0) eigenvalues. It should be emphasized
that the “anomaly” of the four-momentum in negative-
density media is not due to the imaginary wavevector k
or frequency ω (which also occur in negative-β media),
but due to imaginary proportionality factors between the
four-momentum eigenvalues pµ and the four-wavevector
kµ = (ω,k). The same topological difference between the
ρ > 0 and ρ < 0 zones, separated by the ρ = 0 singular-
ity, appears in the connection between the Klein-Gordon
wavefunction ψ and real physical fields (P,v) = ipˆµψ.
Then, entirely similar to [41] and a number of recent
results on the topological properties of non-Hermitian
systems [50–53], we note that the topologically-
different cases of purely-real and purely-imaginary four-
momentum eigenvalues can be labeled by the Z2 topolog-
ical bulk invariant for acoustic media:
w(ρ) =
1
2
[1− sgn(ρ)] ∈ {0, 1}. (10)
Furthermore, according to the bulk-boundary correspon-
dence, an interface between media “1” and “2” supports
N surface modes, where
N = |w(ρ2)− w(ρ1)| = |w(ρr)| ∈ {0, 1}, (11)
where ρr = ρ2/ρ1 is the relative density of the me-
dia. This means that there is a single surface acous-
tic mode at interfaces with sgn(ρr) = −1 (topologically-
different media) and no surface modes at interfaces with
sgn(ρr) = 1 (topologically-equivalent media), as shown
in Fig. 1(b). These findings are in agreement with the
topological properties of various non-Hermitian systems
[50–53] where topological transitions occur at exceptional
points where the spectrum of the non-Hermitian opera-
tor changes from real to imaginary. The only principal
difference here is that most of the previous studies consid-
ered non-Hermitian Hamiltonian operators (i.e. systems
with physical losses or gain), while here, similar to [41]
(see also Supplemental Material [47]), we use another key
operator, the four-momentum of phonons. Akin to the
helicity of photons, this operator can be mathematically
non-Hermitian even in idealized lossless systems.
An important feature of the non-Hermitian topologi-
cal approach is that the surface modes are also gener-
ally “non-Hermitian”. This means that these can have
complex (actually, either real or imaginary) frequencies
and/or propagation constants. We will refer to surface
modes with real and imaginary frequency/propagation
characteristics as propagating and evanescent surface
waves, respectively. For a planar interface between two
media, the parameters of the surface acoustic mode are
determined by the following equations [33, 34, 36]:
κ1
ρ1
+
κ2
ρ2
= 0 , (12)
k2surf = κ
2
1
ρr (βr − ρr)
ρrβr − 1 , ω
2
surf = c
2
1κ
2
1
(
1− ρ2r
)
ρrβr − 1 . (13)
where κ1,2 > 0 are the spatial-decay (away from the inter-
face) constants in the two media, ωsurf and ksurf are the
frequency and propagation constant of the surface wave,
c1 = 1/
√
ρ1β1 is the speed of sound in the first medium,
and βr = β2/β1 is the relative compressibility. Equation
(12) requires ρr < 0, which is exactly the topological
condition (10) and (11). This condition determines the
domain of existence of the surface mode, Fig. 1(b), which
is robust (topologically protected) and independent of the
shape of the interface. Note that Eq. (12) actually fol-
lows from the second equation (1) (which determines the
longitudinal character of sound waves, ∇ × v = 0) and
the continuity of the pressure and normal velocity com-
ponent. At the same time, Eqs. (13) determine specific
4FIG. 2. Due to the non-Hermitian origin of surface acoustic
modes, the global domain of their existence, Fig. 1(b), is split
into zones with real and imaginary frequencies and propaga-
tions constants. These zones differ for the cases of a trans-
parent (c21 > 0) and non-transparent (c21 < 0) first medium.
The light-blue zones correspond to the usual case of propagat-
ing surface modes with real frequency and propagation con-
stant [36]. The separation of the propagating and evanescent
surface-wave zones is not robust (topologically protected) and
can vary with properties of the interface: its shape, dispersion
of the media, etc.
parameters of the surface mode, which are not robust and
can vary with the shape of the interface.
Figure 2 shows the zones of propagating (ω2surf > 0,
k2surf > 0) and evanescent (ω
2
surf < 0 or/and k
2
surf < 0)
surface acoustic modes, which follow from Eqs. (13).
Usually, only propagating surface modes are consid-
ered and observed experimentally. Moreover, evanes-
cent modes with imaginary frequencies (ω2surf < 0) can-
not exist in the physical lossless systems considered here
[54]. Indeed, in lossless media, the frequency spectrum
must be symmetric with respect to the Reω axis, but
exponentially-growing solutions with Imω > 0 cannot
exist in systems without gain. Nonetheless, these so-
lutions are formally present in the acoustic equations
for monochromatic fields v(r, t) → Re[v(r)e−iωt] and
P (r, t) → Re[P (r)e−iωt], where v(r) and P (r) are now
complex field amplitudes. Notably, there are also evanes-
cent surface modes with real frequencies and imaginary
propagation constants (ω2surf > 0, k
2
surf < 0), which can
appear in reality. Such modes can occur at interfaces
between two non-transparent media with opposite-sign
densities and compressibilities: c21,2 < 0, ρr < 0, βr < 0.
It should be emphasized that here we deal with an ide-
alized situation of lossless and non-dispersive media. In
reality, negative parameters, necessary for the appear-
ance of surface modes, can be achieved only in acous-
tic metamaterials, i.e., dispersive media. This also leads
to inevitable presence of losses. Therefore, real physi-
cal systems with surface modes should be described by
a complex frequency-dependent density ρ(ω) and com-
pressibility β(ω). Nonetheless, in many cases, the dia-
grams obtained for lossless non-dispersive media are suf-
ficient to obtain the main properties of surface modes,
such as surface plasmon-polaritons [29–32]. Indeed,
Eqs. (12) and (13) remain valid with the substitution
{ρ, β} → {Reρ(ω),Reβ(ω)}, provided that the imaginary
parts of these parameters are negligible. In this case, the
dispersion can only modify the parameters of the non-
Hermitian surface modes shown in Fig. 2, but it does not
affect the fundamental topological origin of these modes,
Eqs. (10)–(12) and Fig. 1(b). This is because the disper-
sion only modifies the inner product of the wavefunction
in the problem, but does not affect the operators which
are reponsible for the topological classification of media
[41, 49, 55–57].
Discussion.—We have shown that equations for acous-
tic waves in fluids or gases allow the relativistic-like
Klein-Gordon representation. This representation breaks
the symmetry between the pressure and velocity degrees
of freedom and is characterized by the nontrivial “four-
momentum” operator. Importantly, in contrast to other
fundamental quantities, this operator depends only on
one parameter (density ρ but not compressibility β),
and it is generally non-Hermitian (even in idealized loss-
less media with real parameters). The ρ = 0 point
splits the parameter space into two topologically-different
phases with real (ρ > 0) and imaginary (ρ < 0) four-
momentum eigenvalues. This allows one to introduce
the Z2 bulk topological index (10), the bulk-boundary
correspondence (11), and reveals the topological origin
of acoustic surface waves (analogues of surface plasmon-
polaritons in electromagnetism), Fig. 1(b). Remarkably,
the non-Hermitian nature of the four-momentum oper-
ator leads to non-Hermitian surface modes, which can
have either real or imaginary frequencies and/or prop-
agation constants. This further splits the simple phase
diagram Fig. 1(b) into zones of propagating and evanes-
cent surface modes, Fig. 2. However, this splitting is not
topologically protected and can vary with the shape of
interface and other perturbations.
This work explains the fundamental origin of acous-
tic surface waves, which is present already in the sim-
plest case of nondispersive and lossless media. In prac-
tice, negative medium parameters can be achieved only
in dispersive, and therefore lossy, metamaterials. In the
case of small losses, the dispersion can modify details
of the non-Hermitian diagrams in Fig. 2, but it cannot
affect the fundamental topological properties, Eqs. (10)–
(12) and Fig. 1(b). Still, an accurate generalization of
the topological consideration to dispersive lossy media is
an important task for future studies, both in acoustics
and electromagnetism. The comparison of acoustic and
electromagnetic surface waves provides insights for both
5theories, highlighting their similarities and distinctions.
Both electromagnetic and acoustic equations can be pre-
sented in the form of relativistic wave equations: the
Weyl and Klein-Gordon ones (see Supplemental Material
[47]). Furthermore, the main operators of these equa-
tions, helicity and four-momenta, are non-Hermitian and
their topological phases determine the phase diagrams
of surface modes, Fig. 1. There is one more classical
wave theory: elasticity. It combines features of acoustics
and electromagnetism, because there are both longitudi-
nal (sound) and transverse (shear, photon-like) modes.
Constructing the topological theory for elastic waves is
another important and challenging problem.
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SUPPLEMENTAL MATERIAL:  
Comparison with the Weyl representation of Maxwell equations 
To highlight the similarities and differences between the topological Klein-Gordon (KG) 
approach to acoustics and its electromagnetic counterpart [41], here we describe the Weyl 
representation and topological features of Maxwell equations in forms similar to the acoustic 
equations of the main text. 
We start with Maxwell equations in a homogeneous isotropic lossless medium [1]: 
 
 
ε ∂E
∂t
= ∇×H ,      
 
−µ ∂H
∂t
= ∇×E ,       ∇⋅E = ∇⋅H = 0 . (S1) 
Introducing the “wavefunction” consisting of real physical fields,  Ψ = E,H( )
T
, the first two 
Eqs. (S1) can be written as [41] 
 
 
iσˆ (m) ∂Ψ
∂t
= Sˆ ⋅ pˆ( )Ψ , (S2) 
where  pˆ = −i∇  is the canonical momentum operator,  Sˆ  are the spin-1 matrices, which act on the 
three-vector degrees of freedom such that  Sˆ ⋅ pˆ = ∇× , the speed of light in vacuum is assumed to 
be  c0 = 1, and 
 
 
σˆ (m) = 0 iµ
−iε 0
⎛
⎝
⎜
⎞
⎠
⎟ . (S3) 
is the matrix with the medium parameters which acts on the “electric-magnetic” degrees of 
freedom, i.e., intermixes the electric and magnetic fields. 
Akin to Eqs. (5) in the main text, we introduce the scalar and “cross” products for this 6-
component wavefunction Ψ  producing scalars and three-vectors, respectively: 
  Ψ1 iΨ2 ≡ εE1 ⋅E2 + µH1 ⋅H2 ,  
  Ψ1⊗Ψ2 ≡E1 ×H2 −H1 ×E2 . (S4) 
Using these definitions, the electromagnetic energy density and energy flux density (the 
Poynting vector) take the forms of Eqs. (9): 
 
 
W = 1
2
Ψ iΨ ,      
 
Π = 1
2
Ψ⊗Ψ . (S5) 
The approach of Ref. [41] is based on the helicity operator, which for monochromatic 
fields ( ∂/ ∂t→−iω ) and using Eq. (S2) can be written as 
 
 
Sˆ = Sˆ ⋅ pˆ
p
= 1
n
σˆ (m) . (S6) 
Here, the dispersion relation  p = nω  was used, whereas  n = εµ  is the refractive index of the 
medium. To distinguish the four different types of media, corresponding to the four quadrants of 
the parameter  ε ,µ( )  space, we adopt the natural convention that the phase of the εµ  grows 
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uniformly with the number of the quadrant, i.e.,  n = n  for  ε > 0,µ > 0( ) ,  n = i n  for 
 ε < 0,µ > 0( ) ,  n = − n  for  ε < 0,µ < 0( ) , and  n = −i n , for  ε > 0,µ < 0( )  [41]. The helicity 
operator (S6) is non-Hermitian and has the following paired eigenvalues: 
 
 
S = ± n
n
. (S7) 
These eigenvalues rotate in the complex plane at the transitions between the above four different 
types of media, which provides the  !4  Möbius-strip-like topology described by a single  !4  
topological number 
 
w = 2
π
Arg n( )  or, equivalently, a pair of  !2  topological numbers [41]: 
 
 
w = 1
2
1− sgn ε( ),1− sgn µ( )⎡⎣ ⎤⎦ . (S8) 
The bulk-boundary correspondence, similar to Eq. (11) yields the phase diagram Fig. 1(a) for 
electromagnetic surface modes in Maxwell equations. 
To reveal the similarity between this approach and the acoustic KG formalism, we 
represent Maxwell equations (S2) in the relativistic Weyl form. This representation is based on 
the Riemann-Silberstein “wavefunction”  ψ = εE+ i µH  [58], for which Eq. (S2) acquires 
the form 
 
 
in ∂ψ
∂t
= Sˆ ⋅ pˆ( )ψ ,      
 
−in ∂ψ
*
∂t
= Sˆ ⋅ pˆ( )ψ * . (S9) 
Thus, this representation diagonalizes the helicity operator, which becomes, using the 6-
component wavefunction 
 
ψ ,ψ *( )T  [58], 
 
ˆ ′S = n
n
diag 1,−1( ) . Remarkably, Eqs. (S9) can be 
written in the relativistic covariant form of the Weyl equation [48]:  
 
 
Sˆ µ pˆµ( )ψ = 0 ,    where     pˆµ = in∂t , i∇( )  (S10) 
is the four-momentum operator, and 
 
Sˆ µ = I3,Sˆ( ) . Comparing these equations with Eqs. (6) and 
(7) of the main text, we see that the electromagnetic four-momentum operator contains  n = εµ  
and differs in the four quadrants of the  ε ,µ( )  space, while the acoustic four-momentum depends 
only on ρ  and is independent of β . This explains the main topological difference between the 
acoustic and Maxwell equations. Note that the Weyl four-momentum (S10) is clearly connected 
with the helicity operator (S6) because the coefficient at  ∂t  exactly determines the behavior of 
the helicity  ∝ Sˆ ⋅ pˆ . We finally note that the connection between the real-field and Weyl 
(Riemann-Silberstein) wavefunctions can be written as 
 
 
ψ
ψ *
⎛
⎝
⎜
⎜
⎞
⎠
⎟
⎟
= Mˆ Ψ ,      
 
Mˆ = 1 i
1 −i
⎛
⎝⎜
⎞
⎠⎟
ε 0
0 µ
⎛
⎝
⎜
⎜
⎞
⎠
⎟
⎟
. (S11) 
This connection differs from the acoustic Eq. (7) but still involves the same square roots of the 
two parameters  ε ,µ( ) .  
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To summarize, both electromagnetic and acoustic equations can be expressed via real 
physical fields (entering the boundary conditions):  E,H( )  and  P,v( ) , as well as via “relativistic 
wavefunctions”: the KG and Weyl ones. In this manner, the connections between these 
wavefunctions, as well as the four-momentum operators in the corresponding relativistic wave 
equations, involve square roots of the medium parameters:  ε ,µ( )  and ρ . These determine the 
separation of the electromagnetic and acoustic parameter spaces into topologically-different 
sectors, labeled by the bulk topological indices (10) and (S8), and the appearance of surface 
modes at interfaces between topologically-different media, as shown in Fig. 1. The comparison 
of the main electromagnetic and acoustic quantities used in this work is shown in the Table  SI. 
 
 
 Acoustics Electromagnetism 
Real fields 
 Ψ
µ = P,v( )   Ψ = E,H( )   
 
Energy density  
and flux  
W = 1
2
Ψµ iΨµ = 1
2
βP2 + ρv2( )  
 
Π = 1
2
Ψµ ⊗Ψµ = Pv  
 
W = 1
2
Ψ iΨ = 1
2
εE2 + µH2( )  
 
Π = 1
2
Ψ⊗Ψ = E×H  
Connection  
with “relativistic  
wavefunctions” 
 
Ψµ = ipˆµψ
= − ρ ∂tψ ,
∇ψ
ρ
⎛
⎝
⎜
⎞
⎠
⎟
 
 
Ψ = Reψ
ε
, Imψ
µ
⎛
⎝
⎜
⎞
⎠
⎟  
Relativistic wave 
equations  
pˆµ i pˆµ( )ψ = 0   Sˆ µ pˆµ( )ψ = 0  
Four-momentum 
operator 
 
pˆµ = i ρ ∂t ,
−i∇
ρ
⎛
⎝
⎜
⎞
⎠
⎟   
pˆµ = i εµ ∂t ,− i∇( )  
Topological 
indices	  
w ρ( ) = 12 1− sgn ρ( )⎡⎣ ⎤⎦   w ε ,µ( ) =
1
2
1− sgn ε( ),1− sgn µ( )⎡⎣ ⎤⎦  
Table I. Comparison of acoustic and electromagnetic quantities. 
 
